Introduction
Cairo-prismatic tilings. Thomas C. Hales [2001] proved the honeycomb conjecture, which says that regular hexagons provide a least-perimeter unit-area way to tile the plane. Squares and equilateral triangles, though less efficient than hexagons, provide a least-perimeter unit-area tiling by quadrilaterals and triangles.
It is interesting to ask about a least-perimeter unit-area pentagonal tiling, because regular pentagons do not tile the plane. Chung et al. [2012, Theorem 3.5] proved that among all convex unit-area pentagonal tilings of the plane and of appropriate flat tori, there are two that minimize perimeter: the Cairo and prismatic pentagons, defined as the unit-area pentagons having only 90 • and 120 • angles and circumscribed to a circle. The prismatic pentagon has adjacent right angles, and its sides (starting from the vertex along the axis of symmetry) are in the ratio 1 : Building on this, we show in Propositions 2.3 and 2.4 below that each of these two polygons admits a unique monohedral edge-to-edge tiling. We also discuss mixed Cairo-prismatic tilings. Such tilings have been known at least since Marjorie Rice discovered a nonperiodic, D 6 -symmetry example, first published as Figure 15 in [Schattschneider 1981] and shown also in [Chung et al. 2012] , together with a number of other examples we have found (see Figures 11-23 below for a sampling).
Restrictions on nonconvex tilings. Can one beat the Cairo and prismatic pentagons by allowing nonconvex pentagonal shapes? In [Chung et al. 2012 ] (remark after Theorem 3.5) we conjectured that the answer is negative. Here we make some progress toward a proof: Proposition 2.10 below states that any tiling by unitarea nonconvex pentagons must have perimeter greater than a Cairo or prismatic tiling. Proposition 2.11 states that if a mixture of unit-area convex and nonconvex pentagons is perimeter-minimizing, then the ratio of the numbers of convex to nonconvex pentagons must be greater than 2.6. This provides a tool to investigate the problem further in Section 3.
Minimal tilings on flat tori. Section 3 considers minimal tilings of small flat tori, which correspond to doubly periodic planar tilings. Proposition 3.3 states that the unique perimeter-minimizing edge-to-edge pentagonal tiling of a certain flat torus of area 2 is by prismatic pentagons, as shown in Figure 26 . Similarly, Proposition 3.9 states that the unique perimeter-minimizing pentagonal tiling of the square torus of area 4 is by Cairo pentagons, as shown in Figure 2 . Both these results allow for mixtures of nonconvex and convex pentagons.
The proofs depend on two main lemmas: Lemma 3.5 places a lower bound on the perimeter of a unit-area convex pentagon with a given small angle α, and Lemma 3.8 places a lower bound on the perimeter of a nonconvex pentagon given two edges and the included angle.
We follow Proposition 3.9 by considering minimal tilings on other small flat tori and flat Klein bottles. Conjecture 3.4 proposes the minimal pentagonal tiling of the square torus of area 2. Conjecture 3.12 proposes minimal polygonal tilings for the square tori of areas 2, 3 and 4. Proposition 3.13 provides a lower bound on the perimeters of tilings of flat Klein bottles, and provides perimeter-minimizing tilings of many flat Klein bottles, as in Figure 35 , right.
Cairo-prismatic tilings
Definition 2.1. A tiling is a decomposition of a surface into a union of simply connected disjoint open sets and their boundaries. The closure of each open set is called a tile. This paper focuses on tilings by unit-area pentagons. The Cairo and prismatic pentagons were defined on page 453; both have perimeter
We define the perimeter ratio of a tiling of the plane to be the limit superior as r approaches infinity of the perimeter of the tiling inside a disc of radius r centered at the origin divided by πr 2 . A monohedral tiling is a tiling by a single prototile. Remark. Chung et al. remark that every doubly periodic perimeter-minimizing tiling by convex pentagons consists of Cairo and prismatic tiles. Of course, if allowed to break symmetry, one can alter a compact region arbitrarily without changing the limiting perimeter ratio.
Next we state and prove Propositions 2.3 and 2.4. Proposition 2.3. The Cairo pentagonal tiling shown in Figure 1 , right, is the unique tiling by Cairo pentagons.
Proof. Consider a single Cairo prototile C 0 with one side of length a and four sides of length b. The side of length a determines the orientation of the adjacent Cairo tile C 1 , as shown in Figure 3 . Furthermore, in a Cairo tile there is only one 120 • angle with adjacent sides both of length b, which determines the orientations of tiles C 2 and C 3 . Thus, as shown in Figure 3 , each Cairo tile must be in a hexagon with opposite edges of length a and the other four edges of equal length 2b. We call this unit R 1 . Using tiles C 2 and C 3 , R 1 determines vertical hexagons to its left and right. Similarly, these vertical hexagons each determine two horizontal hexagons above and below themselves. Therefore, R 1 determines horizontal hexagons to its upper and lower left and right. Similarly, each of those horizontal hexagons determine four adjacent horizontal hexagons (among which are the other two hexagonal neighbors of R 1 ). Continuing in this manner, a complete tiling by these horizontal hexagons is determined, and therefore the unique tiling, up to isometry, by Cairo pentagons is the tiling shown in Figure 1 , right. Figure 3 . A Cairo tiling must be a tiling by hexagons with opposite edges of length a and the other four edges of equal length 2b (R 1 ).
Figure 4. A prismatic pentagonal tiling must be a tiling by the hexagon with opposite edges of length 2b and the other four edges of equal length a.
Notice that if we do not require edge-to-edge, then the prismatic tiling is not unique, as shown in Figure 10 . On the other hand, if edge-to-edge is required, then the edge between the right angles has the unique length and determines the tiling:
Proposition 2.4. The prismatic tiling as shown in Figure 1 , left, is the unique edge-to-edge tiling by prismatic pentagons.
Proof. Consider a single prismatic prototile P 0 . The unique edge of length c determines the orientation of the adjacent prismatic tile P 1 . Thus, a prismatic pentagonal tiling must be a tiling by the hexagon with opposite edges of length 2b and the other four edges of equal length a, as shown in Figure 4 . Furthermore, the length b of edge l 1 and the adjacent 90 • angle determine the orientation of the adjacent prismatic tile P 2 , which in turn determines the orientation of P 3 . Continuing in this way, we construct a row of hexagons, each consisting of two prismatic pentagons, as shown in Figure 4 . Note that the edges of length l 2 and l 3 determine the orientation of P 4 . By a similar argument to that for P 0 , the edge of length c of the tile P 4 determines the orientation of the adjacent prismatic tile, establishing another row of two-prismatic hexagons, as shown in Figure 5 . Continuing in this manner, we find that the unique edge-to-edge tiling by prismatic pentagons is, up to isometry, the prismatic tiling defined in Figure 1, Figure 5 . The edges of length l 2 and l 3 determine the orientation of P 4 , which determines another row of two-prismatic hexagons. 3, 3, 4, 3, 4] (picture is taken from an earlier version of [Li et al. 2011] ). Right: illustration of a contradiction in the proof of Proposition 2.5.
tilings by convex pentagons by Chung et al. [2012, Theorem 3.5] , it is natural to ask whether the Cairo and prismatic tilings are the only monohedral tilings with the vertex degrees [3, 3, 4, 3, 4] and [3, 3, 3, 4, 4] , respectively. Proposition 2.5 shows that any monohedral tiling with vertex degrees [3, 3, 4, 3, 4 ] is combinatorially equivalent to the tiling in Figure 6 , left. Indeed, there are only two such tilings up to linear equivalence. Proposition 2.6 shows uncountably many distinct edge-to-edge tilings with vertex degrees [3, 3, 3, 4, 4] that are not equivalent under a linear map.
Proposition 2.5. The tiling in Figure 6 , left, is the unique tiling, up to combinatorial equivalence, by congruent tiles with vertex degrees [3, 3, 4, 3, 4] .
Proof. Consider a single prototile A with vertex degrees [3, 3, 4, 3, 4] as shown in Figure 7 . Then the edge connecting the vertices of degree 3 determines the degrees of the other three vertices of the adjacent tile B. Furthermore, each vertex of degree 3 shared by tiles A and B, as well as the two vertices of degree 4 adjacent to them, determine the degrees of the remaining two vertices of tiles C and D. Now, given the edge of C connecting the vertices of degree 3, the remaining three vertices 3, 3, 4, 3, 4] up to combinatorial equivalence.
of the tile E are determined. The vertex of degree 3 circled in red and the adjacent vertices of degree 4 determine the degrees of the remaining two vertices of F. Now consider the tile G, which has three vertices determined by the adjacent tiles A and F. Suppose the vertex adjacent to the vertex of degree 3 shared with F was degree 3. Then the tile H adjacent to F and G would have three adjacent vertices of degree 3, a contradiction ( Figure 6 , right). Thus, this vertex in G must be of degree 4 and the remaining vertex is of degree 3. By a parallel argument, the vertex degrees of tile I are determined. Thus, the degrees of the vertices of all the tiles adjacent to A are determined. Continuing in this way, we can construct the tiling show in Figure 6 , left. It follows that this is the unique tiling up to combinatorial equivalence by congruent tiles with vertex degrees [3, 3, 4, 3, 4] .
Proposition 2.6. Given vertex degrees [3, 3, 3, 4, 4] , there are uncountably many monohedral edge-to-edge tilings that are not equivalent under a linear mapping.
Proof. Take Remark. Another construction of a nonequivalent monohedral tiling with vertex degrees [3, 3, 3, 4, 4] is as shown in Figure 9 . Similarly, for the prismatic tiling, one can translate a row of prismatic tiles sideways as in Figure 10 . There may be many more.
To Remark. We think Figure 12 , left, gives the unique planar tiling with fundamental region consisting of only two Cairo tiles and two prismatic tiles, but we didn't need this fact.
Example 2.9. Figures 18-23 are examples of Cairo-prismatic tilings which are not doubly periodic and therefore do not belong to a wallpaper group.
While it is still unknown whether the Cairo and prismatic tilings are perimeterminimizing on the plane when we allow for mixtures of convex and nonconvex pentagons, we place bounds on the ratio of convex to nonconvex pentagons in order to rule out mixtures on certain flat tori. Proof. Indeed, we may show that any unit-area nonconvex pentagon has perimeter greater than 4. Any nonconvex pentagon has more perimeter than its convex hull, which is a quadrilateral or triangle and hence has at least the perimeter of a square or equilateral triangle.
Proposition 2.11. In a perimeter-minimizing tiling by unit-area pentagons, the ratio of convex to nonconvex pentagons must be greater than 2.6.
Proof. The perimeters of a regular pentagon, Cairo and prismatic pentagons, and the unit square are P 0 = 2 √ 5 4 5 − 2 √ 5 > 3.81, P 1 = 2 2 + √ 3 > 3.86, and 4.
Since all nonconvex pentagons must have perimeter greater than or equal to that of the unit square, we consider the limit case in which the perimeter of the nonconvex pentagons is P 2 = 4. The convex pentagons have perimeter greater than or equal to that of the regular pentagon, P 0 . Note that
and thus the ratio of regular pentagons to squares must be greater than 2.6. It follows that the ratio of convex to nonconvex pentagons must be greater than 2.6.
Lemma 2.12. For a flat torus of area 2, a tiling by nonconvex and convex unit-area pentagons has perimeter greater than 3.9.
Proof. The perimeter of any nonconvex unit-area pentagon must be greater than or equal to the perimeter of the unit square, and the perimeter of any convex unit-area pentagon must be greater than or equal to that of the regular pentagon, 2
Thus, the total perimeter of a tiling by both nonconvex and convex pentagons on the appropriate torus of area 2 must be greater than 3.8 + 4 2 = 3.9.
Minimal tilings on flat tori
This section identifies unique optimal tilings for some small flat tori. Our main result, Proposition 3.9, states that the unique perimeter-minimizing unit-area pentagonal tiling of the square torus of area 4 is by Cairo pentagons as shown in Figure 2 . Similarly, Conjecture 3.4 states that the minimal pentagonal tiling of the square torus of area 2 is by squares as in Figure 27 . Proposition 3.3 states that the unique perimeter-minimizing unit-area pentagonal tiling of a certain flat torus of area 2 is by prismatic pentagons (Figure 26) . Similarly, we investigate minimal polygonal tilings of other small flat tori and Klein bottles (Figure 35 ). Wedd [2009] proposes that a regular hexagonal torus of area A ∈ ‫ގ‬ can be tiled by regular hexagons if and only if A = x 2 + x y + y 2 where x, y ∈ ‫,ގ‬ A = 0 (Proposition 3.10). By [Hales 2001, Theorem 3] , it would follow that these are unique perimeter-minimizing tilings (Proposition 3.11). Many flat tori cannot be tiled by regular hexagons. We investigate the square tori of areas 2, 3, 4 and conjecture that the minimal tilings are as shown in Figures 33 and 34 .
In these proofs, we do not assume that the tiles are convex. Hales [2001, Theorem 1] proved that one cannot improve on the regular hexagonal tiling by mixing in nonconvex tiles. Similarly, Chung et al. [2012, Section 1] conjectured that one cannot improve on Cairo-prismatic tilings by mixing in nonconvex pentagons. We prove such results for some small flat tori. 
√ 2)/2 , one can cut it into many congruent parallelograms determined by vectors ( √ 6− √ 2), 0 and (
√ 2)/2 , as shown in Figure 25 . Each small parallelogram can be tiled by two prismatic pentagons. Thus the whole fundamental polygon can be tiled by prismatic pentagons as well. As a result, (
is not a rational multiple of ( √ 6 + √ 2), at least one of a and d is irrational, which contradicts their definitions. Therefore no square torus can be tiled by prismatic pentagons. Proposition 3.3 provides an example of a special hexagonal torus utilizing only prismatic pentagons. Proposition 3.3. For a flat torus of area 2 defined by the two vectors 2 − √ 3, 1 and 2, 0 , the prismatic tiling is the unique perimeter-minimizing edge-to-edge pentagonal tiling as shown in Figure 26 .
Proof. Note that it is possible to tile this torus with only prismatic tiles (Figure 26 ), and this tiling has total perimeter 2 2 + √ 3 < 3.87. Since a tiling by nonconvex and convex unit-area pentagons has perimeter greater than 3.9 on a flat torus of area 2 by Lemma 2.12, a perimeter-minimizing tiling is by two convex pentagonal tiles. Since this tiling must be doubly periodic, by [Chung et al. 2012 , remark after Theorem 3.5] perimeter-minimizing tilings by convex pentagons are uniquely given by Cairo and prismatic tiles.
If there is at least one prismatic tile in the tiling, note that the base of this tile, which has length √ 6− √ 2, is unique among all the edges of the Cairo and prismatic pentagons. Since the tiling is edge-to-edge, the prismatic pentagon is consecutive to another prismatic pentagon rotated 180 • . Thus these two pentagons tile the torus of area 2. If there is no prismatic tile, then the tiling consists of two Cairo pentagons. Since the short edge of the Cairo pentagon is unique, each Cairo pentagon is connected to another Cairo pentagon rotated 180 • . Each of the two 120 • angles between these two Cairo pentagons with two long adjacent edges can only fit in a third Cairo pentagon rotated 90 • . Thus we have at least three pentagons that are not translational images of each other. Therefore they cannot all tile a flat torus of area 2.
Conjecture 3.4. For a square torus of area 2, the unit-area square tiling is the unique perimeter-minimizing pentagonal tiling (Figure 27 ). We now prove that for the square torus of area 4, the perimeter-minimizing tiling is given by Cairo tiles as in Figure 28 . In the process we prove some bounds on the perimeters of certain classes of pentagons.
Lemma 3.5. A unit-area convex pentagon with one of the angles α ∈ (0, π ) has perimeter greater than or equal to
Proof. By [Chung et al. 2012, Proposition 3 .1], the uniquely perimeter-minimizing pentagon with angles a i , i = 1, 2, . . . , 5, has perimeter
Since the function cot is strictly convex up to π/2, fixing an angle a 1 = α and taking the other angles to be equal will give the minimal perimeter. Thus the minimum perimeter is 2 cot α 2
Lemma 3.6. A unit-area pentagon with one of the edges s has perimeter greater than or equal to 2 √ 2(4 sin(θ/2) + sin 2θ ) √ 4 sin θ − sin 4θ , where θ ∈ (0, π/2) is the only root of the equation
In fact, s is a strictly decreasing function of θ. Proof. First of all it is well known that, given the edge lengths s i , i = 1, 2, . . . , 5, of a pentagon, the one inscribed in a circle has the maximum area. The area is
where θ i is the angle at center corresponding to the edge s i . Since sin is strictly concave down in the range [0, π], the more nearly equal the angles, the larger the area given a fixed perimeter. Therefore, fixing one edge, the unit-area pentagon inscribed in a circle with the four other edges of equal length has the minimum perimeter.
Let r be the radius of the circumcircle and θ ∈ (0, π/2) be the angle at center which corresponds to one of the 4 edges of same length (Figure 29) .
Then the perimeter is P = 2r 4 sin θ 2 + sin 2π − 4θ 2 = 2r 4 sin θ 2 + sin 2θ , and the area is
since the pentagon has unit area. After substitution of r , we get
On the other hand,
Hence ds dθ = − 16 √ 2(7 cos(θ/2) + 3 cos(3θ/2)) sin 3 (θ/2) (4 sin θ − sin 4θ ) 3/2 < 0, for 0 < θ < π/2. Therefore s strictly decreases as θ increases in the range (0, π/2); thus there is only one value of θ for a given s. 
where ϕ = ABC < π and θ = AE D = C D E, π/3 < θ < π. In particular, for a fixed value of θ , P is a decreasing function of ϕ.
Proof. The formula for P(θ, ϕ) can be determined by direct calculation. Notice that, if we fix all the vertices except B, and increase the value of ϕ up to π, we will get less perimeter but more area. Thus we can scale the pentagon to get unit area with less perimeter. Therefore the perimeter P is a decreasing function of ϕ.
Lemma 3.8. Given positive real constants p, q, ϕ 0 with p < q and π/2 < ϕ 0 ≤ π, a unit-area nonconvex pentagon with an angle φ = 2π − ϕ and two edges a, b adjacent to this angle that satisfies
has perimeter not less than
Proof. After simplification,
since a ≤ b and ϕ ≥ π/2. Therefore the maximum of tan(ϕ /2) is attained at the point where (a, b, ϕ) = ( p, q, ϕ 0 ). Since tan is an increasing function in the range (0, π/2), the maximum of ϕ is attained at the same point; i.e.,
for all p ≤ a ≤ b ≤ q and π/2 ≤ ϕ ≤ ϕ 0 . By Lemma 3.7, the perimeter of AB C D E is a decreasing function of AB C;
Proposition 3.9. For a square torus of area 4, the Cairo tiling is the unique perimeter-minimizing edge-to-edge pentagonal tiling.
Proof. Recall that the lower bounds on the perimeters of a convex and nonconvex unit-area pentagon are
since the perimeter-minimizing convex pentagon is a regular pentagon and the perimeter-minimizing nonconvex pentagon has more perimeter than a square. The perimeter of each Cairo pentagon is 2 2 + √ 3 < 3.86371; thus the total perimeter of the Cairo tiling on a square torus of area 4 is
Therefore the perimeter-minimizing tiling has total perimeter less than 7.72742. If there are at least two nonconvex pentagons in a pentagonal tiling, the total perimeter will be greater than (3.81193 × 2 + 4 × 2)/2 = 7.81193 > 7.72742; thus it is not perimeter-minimizing. Therefore a perimeter-minimizing tiling has at most one nonconvex pentagonal tile.
Case 1: There is no nonconvex pentagonal tile. Note that it is possible to tile this torus with only Cairo tiles (Figure 28 ). Since this tiling must be doubly periodic, by [Chung et al. 2012 , remark after Theorem 3.5] perimeter-minimizing tilings by convex pentagons are uniquely given by Cairo and prismatic tiles. lational images. Label the two prismatic pentagons as 1 and 2. Consider the edge l of pentagon 1. There are only two ways to put a Cairo pentagon next to edge l, namely pentagon 3 or 7, so that the degrees of the two ends of l match up. If pentagon 3 is used, note that there is only one way to put a Cairo or prismatic pentagon at angle α, which is to put another prismatic pentagon 2. The only way to put a Cairo or prismatic pentagon at angle β is to put a Cairo pentagon 4. Now we have four unit-area tiles that are not translational images of each other; therefore they are all the tiles of the square torus of area 4. As a result, the vector (white arrow) that brings one of the pentagons labeled 2 to the other is indeed a translation vector of the tiling. Thus pentagon 4 is also brought right next to the other pentagon 2. At angle ϕ, there are two ways to put a Cairo or prismatic pentagon, namely pentagon 5 or 6. On the other hand, neither of them is a translational image of pentagon 1, 2, 3 or 4; thus this cannot be a tiling of a square torus of area 4. If pentagon 7 is used, consider angle γ . There are two ways to put a Cairo or prismatic pentagon, namely pentagon 4 or 9. If pentagon 4 is used, there is only one way to put a Cairo or prismatic pentagon at angle θ : pentagon 8. In this case we have five tiles, no two of which are translational images of each other; thus they cannot tile the square torus of area 4. Thus pentagon 9 has to be put at angle γ . There are two ways to put a Cairo or prismatic pentagon at angle θ , namely pentagon 10 or 11. However, neither of them is a translational image of any of the other four pentagons. Thus, again, this cannot tile the square torus of area 4.
Therefore we can conclude that we cannot tile the square torus of area 4 with both Cairo and prismatic pentagons.
Case 2: There is one nonconvex pentagonal tile. Since the area of the torus is 4, there are three convex pentagonal tiles.
If there is a convex tile with perimeter greater than or equal to 3.831, the total perimeter will be greater than (3.81193 × 2 + 3.831 + 4)/2 = 7.72743 > 7.72742, thus not perimeter-minimizing. Therefore the perimeter of each convex tile satisfies 3.81193 < P convex < 3.831.
If the nonconvex tile has perimeter greater than or equal to 4.0191, the total perimeter will be greater than (3.81193×3+4.0191)/2 = 7.727445 > 7.72742, thus not perimeter-minimizing. Therefore the perimeter of the nonconvex tile satisfies 4 < P nonconvex < 4.0191.
Consider the interior angles of the convex tiles. Note that for α ≥ 1.5792 or α ≤ 2.2341, a convex pentagon with an angle α has perimeter greater than or equal to P(α) > 3.831 by Lemma 3.5. Thus the convex tiles in a perimeter-minimizing tiling have interior angles within the range (1.5792, 2.2341). Now consider the edge lengths of the convex tiles. By Lemma 3.6 and the fact that 3.81193 < P < 3.831, 2 √ 2(4 sin(θ/2) + sin 2θ ) √ 4 sin θ − sin 4θ < 3.831; thus 1.1565 < θ < 1.3564.
Since s is a decreasing function of θ , we can get a bound on the edge length s of a convex tile: 0.5444 < s < 0.9659.
Consider the nonconvex pentagonal tile ABC D E with a reflex ABC. Since the interior angles of the convex tiles are greater than 1.5792 > π/2, if the point B has degree at least 3, the total angle at that point will be greater than π +(π/2)×2 = 2π, a contradiction. Therefore the nonconvex angle has degree 2. In this case ABC is an interior angle of a convex tile; thus 1.5792 < ABC < 2.2341 and 0.5444 < AB, BC < 0.9659. By Lemma 3.8, the perimeter of ABC D E is not less than inf π/3 < θ < π P(θ, ϕ (0.5444, 0, 9659, 2.2341)), where ϕ (a, b, ϕ) = 2 tan −1 a 2 + b 2 − 2ab cos ϕ 2ab sin ϕ and
After direct computation, the minimum is greater than 4.078 > 4.0191. Therefore, in this case, the tiling will not be perimeter-minimizing.
Some regular hexagonal tori can be tiled by regular hexagons. Wedd [2009] states without proof that for a regular hexagonal torus of area A, where A > 0, a tiling by regular hexagons exists if and only if A = x 2 + x y + y 2 for some nonnegative integers x, y. We give a complete proof of Wedd's statement. By [Hales 2001, Theorem 3] , this would be the unique perimeter-minimizing tiling of such a torus. Proof. First we shall prove that a regular hexagonal torus with A = x 2 + x y + y 2 can be tiled by regular hexagons. Our approach is to start with a unit-area hexagonal tiling of the plane, then find a regular hexagon with area A so that the tiling also tiles the torus formed by identifying opposite edges of this hexagon.
On a planar tiling by unit-area regular hexagons, construct the complex plane as follows: pick the center of one of the hexagons as the origin, and one of the vertices of the same hexagon as the point p, where p ∈ ‫ޒ‬ ( p > 0) is the distance between the vertex and the center. Let ζ = e πi/3 be a primitive sixth root of unity. Consider the triangular lattice L formed by the vertices and centers of all the hexagons. It is generated by two points p and q, where q = pζ . Let x, y be nonnegative integers such that A = x 2 + x y + y 2 . Note that
Therefore the area of the regular hexagon with vertices
is A times the area of the hexagon with vertices p, pζ , pζ 2 , pζ 3 , pζ 4 , pζ 5 , which is precisely the unit-area hexagon centered at the origin. It is left to verify that the torus T formed by identifying opposite edges of the big hexagon is tiled by the unit-area hexagons.
Note that a tiling of a flat torus corresponds to a doubly periodic tiling of the plane, with translational vectors given by the vectors that define the fundamental parallelogram. In our case, the fundamental parallelogram of the torus T is spanned by (x p + yq) + (x p + yq) and (x p + yq)ζ + (x p + yq)ζ 2 , as one may verify. These two vectors send a lattice point in L to another lattice point in L. Furthermore, in the lattice L, a point ap + bq, with a, b ∈ ‫,ޚ‬ is the center of a hexagonal tile if and only if 3 | a − b. Since (x p + yq) + (x p + yq)ζ = (x − y) p + (2y + x)q, (x p + yq)ζ + (x p + yq)ζ 2 = (−x − 2y) p + (2x + y)q, and 3 divides both (2y + x) − (x − y) and (2x + y) − (−x − 2y), both vectors send centers to centers and vertices to vertices. As a result, these two vectors send L to itself. Therefore we can conclude that the unit-area hexagonal tiling is a tiling of the torus T . This is the desired tiling of the regular hexagonal torus with area A = x 2 + x y + y 2 . The converse is true since the vertices of the big hexagon all lie on the lattice L. Scale the lattice L so that p = 1; then the distance between any two lattice points is x 2 + y 2 + 2x y cos(4π/3) = x 2 + x y + y 2 for some nonnegative integers x and y. Thus the area of the original hexagon will be x 2 + x y + y 2 times the area of each hexagonal tile, which is 1 in our case, as desired.
Proposition 3.11. A regular hexagonal tiling is the unique perimeter-minimizing unit-area tiling of any regular hexagonal torus of area A = x 2 + x y + y 2 , where x, y are nonnegative integers.
Proof. This is a direct result of [Hales 2001, Theorem 3] and Proposition 3.10.
Remark. There exists no flat torus whose fundamental polygon is a pentagon with interior angles less than π .
To investigate polygonal tilings of quadrilateral tori we also present conjectures on the best way to tile a square torus. While the Cairo tiling is the best pentagonal tiling of the square torus of area 4, it may not be the perimeter-minimizing tiling of the square torus in general. We conclude with some results on Klein bottles. Proposition 3.13. For a flat Klein bottle of integer area A, any unit-area tiling has perimeter greater than or equal to A/2 times the perimeter of a unit-area regular hexagon. Equality is attained if and only if each tile is a regular hexagon.
Proof. Since there exists a flat torus that double covers each flat Klein bottle, as shown in Figure 35 , left, each tiling of a Klein bottle corresponds to a tiling of a certain flat torus. If there existed a tiling of a Klein bottle that had less perimeter than A/2 times the perimeter of a unit-area regular hexagon, then there would exist a tiling of a flat torus that has a smaller perimeter ratio than the regular hexagonal tiling. This would contradict the honeycomb conjecture [Hales 2001, Theorem 3] .
Example 3.14. For the Klein bottle of area 2 of Figure 35 , right, the unique perimeter-minimizing tiling is by regular hexagons.
